Introduction
We consider here the problem to find the set of invariant measures of a linear unitary flow U, on a Hilbert space H. Important examples of such dynamical systems are the Schredinger flow U,lc, = eitLIC, defined by i4 = L+ or the Koopman flow ft(x) = ut.f = f(Ttz) on L2(X, m) associated to an invariant measure m of a differential equation ri: = f(z) on a manifold X. As a motivation for the problem one can say that the existence of invariant measures for Ut allows to make statements about recurrence of a wave $ in quantum mechanics or a measurable set f = 1~ in classical mechanics. Examples in both settings show that a linear unitary dynamical system is in general non trivial.
In quantum mechanics, an orbit $t of the time evolution can be observed by measuring the probabilities j(4, Ut$)12 that the wave 11, is in the pure state 4 at time t. For a differential equation with invariant measure m, one can observe m(AnTt(C)) = (1~. U,lc), the probability with which an orbit T,(z) = xt starting in the set C hits an other set A at time t. It is therefore in both cases natural to look for invariant Bore1 measures on H with respect to the weak topology. The set of invariant measures of the flow is contained in the set of invariant measures of a time one map so that one can consider the general problem, to determine the set of invariant measures of the topological dynamical system (B, U), where U is an arbitrary unitary operator and B is the weakly compact unit ball. We are not aware that this problem has been addressed somewhere already. In the two cases, when U has only absolutely continuous spectrum (i.e. scattering states in quantum mechanics, the mixing property in classical mechanics) or discrete spectrum (i.e. bound states in quantum mechanics, group translation in classical mechanics), the answer to the problem is quite easy.
[911 0. KNILL However, both discrete and absolutely continuous spectrum are exceptional in a Baire category sense: a generic unitary operator U or a generic Koopman operator UT has purely singular continuous spectrum [3, 9, 13, 141 . Singular continuous spectrum appears in the quantum mechanics of solid state physics [5] , especially when the potential takes only finitely many values (see for example [7] ). In classical mechanics, it appears, whenever a topological shift is embedded because many shift invariant measures have purely singular continuous spectrum [9] .
Topological dynamics of a unitary operator
Given is a unitary operator U on a separable Hilbert space H. The unit ball B c H is compact in the weak topology and U : B + B is a homeomorphism. For c) A dense Ga of measures is rigid, that is, it has the property that for a subse-A quence pns -+ 1 [3] . A dense Ga set of operators has all vectors singular continuous [13] . Let U be the set of all unitary operators with the strong operator topology. The map U --) M(T) attaching to U the spectral measure p$,u is continuous and surjective. A given vector + is therefore rigid for a generic U in the sense that (+, Unh$) + 1 for some sequence nk, which implies Unk$ converges to $. d) A point IJJ is called weakly wandering, if there exists a sequence k, such that all vectors U"Y,!J are orthogonal. Weakly wandering points are dense in the subspace of all continuous vectors by a theorem of Krengel [lo] . I7
Ergodic theory of a unitary operator
We look now at ergodic properties of (B! U), that is, we determine the U-invariant measures m on the compact space B. Proof: The metric entropy of every invariant measure m is zero. By Goodman's variational theorem in ergodic theory (see [15] ), the topological entropy is the supremum over all metric entropies and is vanishing too. 0
Remark: While U is an isometry with respect to the norm (for which B is not compact), it is not an isometry in the weak topology and it is not a priori clear that the topological entropy of U is vanishing.
Additional remarks and questions
A measure on B which is invariant under a R group action t H U,, is also invariant under the Z action 12 H UF and Theorem 3.1 shows that U, is measure theoretically conjugated to a flow on a compact topological group. Especially "there is no chaos for the Schrodinger flow": for every measure m on B which is invariant under the Schrddinger equation ih?) = A$ + V$, the measure theoretical flow (B, Ut) is measure theoretically conjugated to a group translation and the flow has zero topoIogica1 entropy.
Unitary operators are not interesting for the invariant subspace problem because there are always plenty of invariant subspaces given as images of spectral projections. However, it is interesting to ask for the structure of invariant measures of (H, A), if A is a general linear operator and H is equipped with the weak topology. In the compactification H u {co}, there must be some invariant measures. Do still all nontrivial invariant measures have their support on eigenspaces belonging to eigenvalues on the unit circle?
The nontriviality of such dynamical systems is illustrated by the open question, whether there exists a system (H, A) for which every nonzero vector $ has a dense orbit. (A positive answer would of course solve the invariant subspace problem). Rolevicz constructed a system (H, A), which is transitive in the norm topology of H [2] .
In quantum mechanics, one is also interested in the dynamics A H UAU*, induced on the space of bounded operators. . It is also evident that if U has some point spectrum, then 11 contains the same point spectrum. We don't know however whether the inner automorphism V : A H UAU" acting on the weakly compact unit ball of the algebra of all operators has zero topological entropy.
